A mathematical model for describing a holographic coupler-optical fiber system is considered. The object wave to be recorded in the hologram is assumed to be a polarized wave which is scattered by the optical fiber.
Introduction
Optical fibers are widely used for signal transmission at small, middle, and large distances due to their large capability for confinement and propagation of information with low loss. In the design of particular optical and optoelectronic systems where optical fibers are required, fiber to fiber connections are sometimes required.' Connectors based on the use of holographic elements have been developed for the coupling of a pair of single-mode fibers. 2 The method is applicable to a bundle of fibers as well.
The efficiency of the transfer of energy from the first fiber to the second depends on the recording conditions and optical parameters of the fiber. This second aspect gives rise to an intrinsic coupling efficiency. To connect two fibers with different optical parameters a compound holocoupler formed by two aligned hololenses is used. A first holographic recording is made with the output signals coming from the end of both fibers. In the recording of the second hologram the conjugated reference wave of the first is usually chosen to assure coupling when the experimental setup is aligned.
Let the total efficiency be defined as the product of the transmission efficiency of the hologram ET times the intrinsic fiber efficiency ei. Then values of -0. 25 were found for the holocoupler-optical fiber system (ET X ei = 0.65 X 0.39 = 0.25), which can be compared with a value of 0.24 for a 1oX microscope objective (ET X i = Several other authors have developed various types of transmission holocoupler for various purposes, such as in optical integrated circuits, 3 4 branching holocouplers, 5 holocouplers for single-mode fibers, 6 multiple holocouplers, 2 as well as reflection holocouplers. 7 Generally speaking, recording is optimized by using a volume hologram allowing the storage of a large amount of information. The maximum number of exposures supported by a volume hologram can be estimated through Kogelnik's theory. 8 For photopolymers as holographic materials and a 100% efficiency, ten exposures are required. 9 In multiple exposures nonlinear effects must be avoided. 1 0 ' 1 ' Theoretical formulations of mechanisms for coupling the energy from one slab guide into another were developed by Leite et al., 1 2 who calculated the impulse response of the optical system. A source function was defined through the Fresnel integral. Within the limits of the paraxial approximation a complete formulation of the transfer characteristics of the double hologram coupler was obtained. From this formulation the intrinsic coupling efficiency was defined for a particular mode of the propagated field.
The aim of the present work was to search for a simple mathematical model to describe the mechanism for the coupling of energy in a holographic coupler-optical fiber system. For that purpose we have made use of a previously established formulation for the field scattered by an optical fiber. 3 We have assumed that the incoming electric field striking the fiber is polarized parallel to its axis (TM wave). This scattered field is expressed in terms of an integral equation which can be simplified through an eikonal solution (in the sense of Glauber's approximation' 4 ) and acts as the object wave in the hologram recording process. The conditions for the validity of this approximation have been checked, thereby providing support to earlier analogous treatments proposed by two references points in the X1X 2 plane perpendicular to the X 3 axis, Q is the cross section of the optical fiber (see Fig. 1 ), and e(p) = n 2 is the dielectric permittivity of the fiber. An approximate analytical solution for the exact scattered field formulated in Eq. (2) can be obtained through the so-called eikonal approach (in the sense of Glauber's approximation' 5 ), which describes the scalar field diffracted at the output plane of the optical waveguide. Assuming that the validity conditions of this approximation hold for both small and large diameters of the core, the numerical analysis for E(p) simplifies dramatically.
The first condition is that the product of the modulus of the incoming wave vector KI = K and the total radius of the fiber R 2 must be larger than unity: KR 2 >> 1; that is, the wavelength of the incoming radiation is much smaller than R1.
We define E'eik(p) by the integral equation [compare with Eq. (2)]
other authors.' 5 The transmittance of the recorded hologram is defined, and a final condition is obtained for the reconstruction process. This is expressed as an inequality representing the compensation in the phase of the field diffracted by the hologram at the entrance face of the second fiber. Such an interpretation is equivalent to establishing a boundary condition at this plane.
Theoretical Background: Eikonal Approximation for the Light Scattered by an Optical Waveguide
We consider the scattering of a classical monochromatic electromagnetic (em) wave by an inhomogeneous dielectric optical waveguide of infinite length. The latter is parallel to the X 3 axis and has an arbitrary cross section Q, and it is characterized by a variable dielectric permittivity (p) (see Fig. 1 ). Here p = (Xl,X 2 ) represents the position of a point in the X1X 2 plane orthogonal to X 3 . The incoming em wave orthogonal to the X 3 axis is represented by the electric field [0,0,Eo exp(iKp)] with wave vector K = (K,K 2 ), K
The case of an electric field polarization parallel to the fiber axis is useful for the determination of the fiber parameters.1 5 The general differential wave equation reduces to the following for the total electric field [0,0,E(p)], which is parallel to X 3 (TM wave):
with Ap = a 2 iaX2 + 8 2 /OX2. Knowledge of the incoming wave and Eq. (1) lead using standard techniques to the scattering integral equation
X J dp'
where
where 0 and 6 are the step and Dirac delta functions, respectively.
To obtain the scattering amplitude T(K'K) we shall consider the asymptotic behavior of H(1 in Eq. (2). Then for fixed p/lpl and pl -
The scattering amplitude in the eikonal approximation 16 is
is the phase of the scattered wave expressed in the eikonal approximation and 0 is the scattering angle (see Fig. 1 ).
One expects Teik to be a good approximation to the exact scattering amplitude T when RKI1 -cosOl is small compared to 1.
If we consider that the refractive index distribution of the optical fiber has a parabolic profile, the eikonal phase has the following explicit values for regions inside and outside the core:
(H?1) is Hankel's function of first kind and zeroth order), where both p = (X,,X 2 ) and p' = (X,,X 2 ) are the 
R > Ix 2 1 > 0, (10) where E denotes the dielectric permittivity for the core, while E2 is that for the cladding of the fiber. R is the radius of the core, and R 2 is the total radius of the fiber. The coupling constant A is defined as
Thus there are two intervals defined inside and outside the core (inside the cladding) for which the eikonal phase sOeik is well defined. Then, according to Eq. (6), the eikonal scattering amplitude for the parabolic profile is
T r" z1 which can be directly evaluated by using Eqs. (8)- (10).
A. Validity of the Approximation
To estimate the validity of the eikonal approximation in the scattering amplitude for the parabolic profile we make use of the following dimensionless quantity' 3 :
for the interval R 1 > Ix 2 1 > 0, R 2 > PI > Ri, Xi > 0, and
for the interval R, > IX 2 1 > 0, PI < R,, where in Eqs. (13)- (14) To estimate the validity of the approximation we made a numerical computation of Eqs. (12)- (14), and then we calculated the bounds for the parameter v. The physical parameters introduced are a fixed value for the total radius of the fiber (R 2 = 100 gM) and a variable parameter for the internal radius of the core The vertical axis shows the values obtained for the coefficient describing the validity of the approximation, while the horizontal axis shows the possible values for the internal radius of the fiber. It is also observed that the larger the internal radius the better the validity of the approximation. Thus the scattering considered in the eikonal approximation is valid for both thin and thick fibers. We made use, for the purpose of developing our mathematical model, of the experimental setup shown in Fig. 3 for recording In the best condition for coupling, if we reconstruct with the output from fiber 1, the light diffracted by the holocoupler is transmitted and focused into fiber 2.
Our major interest is the search of an analytical expression for the field generated at the aperture of fiber 2 after the reconstruction process mentioned above. For that we shall make use of the previously established mathematical expression for the scattered signal in the eikonal approximation.
According to the scheme for the recording process displayed in Fig. 3 , we shall define the following fields:
where UF1 is the object wave of the first fiber and UR, the reference wave, and
are the object and reference waves of the second fiber, respectively.
UF1 and UF2 are scattered signals coming from the apertures of fibers 1 and 2, respectively, while UR, and UR2 are plane monochromatic waves. Also, we shall consider that the holocoupler is recorded in linear conditions.
The transmitted field by the first hologram denoted by U is
with T, -UF1 + UR11 (18) being the amplitude of the transmission field of the first hologram. Accordingly, the transmitted field by the second hologram is denoted by UCT 2 : 
being the amplitude of the transmission field of the second hologram.
If we obtain the real image for the first hologram and consider that optical filtering is applied to the intensity terms, UF1(UF 1 + UR1) and UC(UF 2 + UR 2 ), then
so that the final condition is
where R 2 = I UR112 = I UR212 is the square of the amplitude of the reference wave.
According to Eqs. (5)- (7), we shall define the scalar field diffracted at the output plane of fibers 1 and 216 as (24) (25)
UFj -exp[(-)
is[o 6 iki(x 2 1 )] -1;
where X 2 1 = X' 2 is the vertical coordinate defined at the aperture of fiber 1 and X 22 = X 2 is the vertical coordinate at the aperture of fiber 2. Here UF1 is the wave propagating to the right from fiber 1, while UF2 is the wave propagating to the left from fiber 2 (see Fig. 3 ). Equation (23) According to the mathematical method developed in Appendix A two possible cases are considered:
(a) P and S are functionally independent. This is obtained from the condition where the Jacobian of the system is different from zero (J /-0). Then the coupling condition holds.
(b) P and S are functionally dependent. This results from the condition where the Jacobian of the system is equal to zero (J = 0). Then there is no coupling in the system.
We notice that the system represented in Eq. (A3) physically means the point at which the two curves F(X 2 1,X 2 2 ) and G(X 2 1,X 2 2 ) [see Eqs. (A4)-(A5)] intersect. The condition that the Jacobian of the system is different from zero implies that the tangents to both curves at the intersection point are not parallel. In our case we obtain the value of the phase modulation of the field entering fiber 2 required for energy transfer.
The inequality expresses, within the limits of the eikonal approximation, the coupling condition in terms of the vertical coordinate X 2 of the aperture pupil of the second fiber and the phase of the reference wave KR r. We can explore the tolerance in terms of these parameters.
A.
Coupling Efficiency
Let us assume that the mode in fiber 2 is represented by UF2 as given in Eq. (24). The coupling efficiency e is then defined as
where e represents a normalized intrinsic efficiency which behaves as a constant value inside the fiber. If this efficiency is not exactly 1.0, the total coupling efficiency would be the product of the intrinsic coupling efficiency and the diffraction efficiency of the holograms. In general, diffraction efficiencies of -70% have been reported for transmission holograms, while in reflection the efficiency is usually higher.18
IV. Numerical Estimates
For numerical analysis of Eqs. (27)- (28) we use the following parameters:
Dielectric permittivity of the core of the fiber: E = 2.3104.
Dielectric permittivity of the cladding of the fiber:
Total radius of the fiber: R 2 = 50.0 gim. Radius of the core of the fiber: R = 2.0 gim. Coupling constant of the fiber: A = 0.01. All these parameters are standard for single-mode fibers.
Wavelength of the incoming radiation: = 0.8 ,gm. With this particular value in the IR region of the electromagnetic spectrum the eikonal condition holds,
We have assumed a plane polarized monochromatic wave for the reference beam defined in the x-z plane as
with KR = K(siny,0, cosy); r = (XOZ).
(31)
The angle of incidence -y of the reference wave has been fixed at ry = 100 (see Fig. 3 ).
We have calculated all possible values of P and S for each fixed value of the phase: KR r. That is, P and S are functions which depend on the parameters of the eikonal phase:
P,S = f(KR r).
(32)
We have studied a series of distributions of P and S for different fixed values of the vertical coordinate X 2 located at the aperture of fiber 2. These values of X 2 range from X 2 = 0gm, the axial point inside the core, to X2 = 50 gim for the cladding. Figure 4 displays the results obtained for P (lower) and S (upper) inside the core for three different X 2 values: (a) X 2 = 2 gim, (b) X 2 = 1 im, (c) X 2 = 0,gm. For these three points coupling is assured. Only at the boundary of the core, 2 gim, is the coupling more critical. The closer to the axis of the fiber the better the coupling.
In Fig. 5 we display the results for the P (bottom) and S (top) distributions at the cladding region with the following specific values: (a) X 2 = 50 gM; (b) X 2 = 40 ,gm; and (c) X 2 = 30 gim. We observe that for case (a) corresponding to the external boundary of the fiber, P and S coincide, and obviously the coupling is not assured. For the other two cases the coupling condition holds. For four additional values (3,14,16, and 32 gim) for X 2 , not displayed here, no coupling was obtained. This demonstrates the irregular character of the coupling condition in the cladding.
If we perform an integration of both P and S functions with respect to the vertical variable X 2 we obtain the coupling condition for the aperture of the entire fiber. This result is equivalent to scanning across the aperture of fiber 2.
We denote
The two integrals have been numerically evaluated, A holocoupler device, we have developed a mathematical model to describe the coupling condition in a hololensoptical fiber system. A simple description is derived by assuming the condition necessary for a system of implicit functions to have nontrivial solutions different from zero. The influence in the coupling condition of different particular physical parameters has been studied by numerical simulation, particularly by (1) assuming the reference wave in the x-z plane and fixed parameters: e2, el, R 2 , RI, and X; and (2) choosing an angle of incidence y and a particular state of polarization for the reference beam. Then the coupling condition holds for almost all points of the entrance pupil of the second fiber. We can exclude only some discrete points outside the core in the cladding region. The parameter Z 1 (the distance of the aperture plane of fiber 1 up to the plane of the first hologram) influences the coupling condition as a periodic function. This method can be extended for other possible reference beams (not necessarily plane waves) and other optical fiber geometries. Further studies of these subjects are now under development. where X 21 = X 2 is the vertical coordinate defined at the aperture pupil of fiber 1, X 2 2 = X 2 is the vertical coordinate defined at the aperture pupil of fiber 2, and (1/2)cos2[-p 6 0k 2 (X 2 ) + KR r + cos( 2 KR r)j + 1,
which is the nontrivial condition for the system to have a solution different from zero and represents the coupling condition formulated in Eq. (26).
